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Nonisotropic Chaotic Vibrations of the
One dimensional Linear Wave Equation

with a van der Pol Boundary Condition
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Abstract: The one dimensional linear equation with a van der Pol nonlinear condition is one of the simplest models that
may cause isotropic or nonisotropic chaolic vibrations. Nonisotropic chaotic vibration by means of the total variation theory
is characterized. A larger regime on the growth of the total variation of the sanapshots on the spatial interval in the long -

time horizon with respect to two parameters is given which sharpens the corresponding results by Huang.
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1 Introduction

This paper considers the one dimensional ( 1D) wave
equation
Wo (X, 1) — Wwyu(x,t) —wi(x,t) =0,
0<< x<<1,t> 0,
wi(0, 1) =0, v=>0,t> 0,

we( L ) = aw (1) — Bwi (1, 1), (1

a, B> 0, t=> 0,
w(x,0) = wo(x),
(wi(x,0) = wi(x),0<C x<<T 1

We will study the dynamical behavior of this system in
temns of total vibration theoty as the two parameters (v,
) vary in [0, + o9 X [0, + o9 . Chen et al " first
studied chaotic vibrations of 1D wave equation on a
bounded interval with a van der Pol boundary condition
which is a well known self regulating mechanism in
automatic contwol.

This paper can be viewed as a continuation of the

v+ J4+ v’
-5 and

earlier work ™.
Asin [ 6], welet Oi(v) =
I
Pz( U) E—U+ 24+U .

We have
Pi(v) P2 v) = 1, Pa(v) — Bi(v)

O1(v) + 02( v) 4+ v

v>0,
(2)

Letting

u= m[ O2( L)y we T wi],
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V= W[ Pr(v)we — wr],
we can convert (1) into the equivalent uncoupled first
order hyperbolic system
u(x,t) = Co(v)us(x,t)

vi(x,t) =— B(v)v(x,t)
0< x<1,t>0 (3)
The initial conditions for # and v are
1 .
u( X,O) - uO(.x) — pl(U) + pz( U)
[ 02(v) wo(x) +wi(x)], "

N S
O () + 0o )
[O1(v) wo(x) —wi(x)]
The boundary conditions at x=0 are

v(0,t) =— u(0,t) =G(u(0,1t)),t>0 (5

v(x,0) = vo( x) =

and
u(l,1) = Fou(v(1,t)) (6)
Here for given x € R, Fo, o(x) = 02 L2x+ gua( X)].

Where y = gv.o( x) is the unique real solution of the
cubic equation

B (o~ a)y O+ )x=0
provided that

(7)

0<< a<< O (= Py(x)) (8)
Since the parameter {3 in the equation only plays the role
of “ sca]ing”IG , it does not affect the properiies of the
functions gv.«( x) and Fue«(x) . Thus we can view

. «(x) and F, «( x) as functions only dependent on the
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two parameters U and «.

If (8) is violated, then g «(x) is multivalued.
From now on, we always assume that o, 3, v=> 0 satisfy
condition ( 8) . By method of characteristics the solution u
andv of (3) — (5) can be expressed explicitly as
follows; fort = k(0 +0)+ 1, k=0,1,2, -, 0< T
< O+ 02, and 0<C x < 1,

u( x, t) =
(Foe °G) (w(x+ 0i7)), t<< &(1— x)
(Fo.o( G °Fo.o)" (vo(1F 02— 03(x+ 01 7)),
L1 x) < T<< &1+ 05— x)
(Fo« G (wo(x+ 01 t—1— 07)),
L1+ 0 —x)<< 1< 0+ 0,

N

(9
vix, ) =
(Foe °G) (vo(x— 027)), T O1x

(Fo.o( G °Foe) (o (— €I( x— 027))),

ox<< T Oi(x+ 0) (10)
(Foo °G)" ' (vo(x— O2t+1—03)),

o (x+03) << t<< o+ 0

Here, for example, (G ° Fuo( X)) * denotes the k -
folded iterative composition of G ° F, o( x) .

From these explicit representations, we can estimate
the growth rate of the total variations of u( °, #) and
v(°,t) on[0,1] as f goes to infinity by means of the
estimation of those of (G ° Fu,u(x))k( °) and
Foo(x)"(°) on some spatial intewvals as n goes to

infinity.
2 Main results

We firstly wnsider some poperties of the map G °
F.« . Most of the basic properties of the map have been

established by Chen et al'®
Lemma 1 Let3>> 0. Then the map G °F, . has

the following properties:
(1) G °Fou(”) is odd;
( 1) G °Fu.« has exacily three fixed points 0, vo

1 f
ZETNEE

F..) has exactly there fixed

and —vo, where vo = vo (v, a)

(ly =G °F..(=
points— vi1, 0 and vi, where

V1:V1(U Ol ==

1‘|—0£(Pz_91 1+

(11)

where the last equahty in ( 11) follows from (2);
(IV) The equation G ° Fu.«(v) = 0 has exactly

three roots— v, 0 and vi where

1 1+ o0,
vi=wvi(v, @) = 50,

( V) G °F,. has local external values

B ] 7721+0402 1+ ap,
R SRS e

o o 2 1+ak 1+ af
M= G “Fue(=v) =350 || 360,

392 20&02+1 1+ Olpz
30,( 05+ 1) J 380,

— veand v, are critical points of G °F, . Here m and M

- m

where

Ve = Ve(V, a) =

are, respectively, the local minimum and maximum of G
° Fv.a. The function G °F,a is strictly decreasing on (—

©o, ) and (ve, + ©9, but strictly increasing on (—

Ve, V(f);
(V)
2
4
(G Fu)'(v) == ot 6 2
" 0,0+ 1) g
(G oFu,u) (V) :68 2( 2 D}) &y (V)’
where D = 3Bg%v.a(V)+ 0’ —a, and gv «( °) is defined
through (7).

Proof See Section 2in [ €] .
As in [5], we let

hi(v) =

2
1

ha(v) =3

cos 0— 0

where 0= %arccos ﬁ[%é 0 < %] , and let

S ={(v,0 ER [0<< v+ o0 0<< a<< £,(v)
Sa={(v, @) lv,<<v<C 0,0 a<< 05(v)} U
{(v, @) [hi(v) << o<+ oo hi(v)<< a<< ha(v) )},
S3={(v, @) << v+ oo, < a< P2(v)},
ST={(v, @ l0<< v<C v,,0<C a<< O(v)} U
(v, ) vy < v<lH o0 a<< 1/},

Si={(v, 9 << v<"v, 1h<< a<<Py(v)} U
{(v,0) loi << vt og 1<l a<< hi(v))

A routine check shows that ve( v, @) < vo( v, a) <<
M(v, @)<< vi( v, a),if (v, @) € 81, andif(v, @) €
St, [0,v], and [ — v/, 0
intervals of G ° F, ..

We defined the new set So = {(v, @) G °
Fho( M) < w).

From [ 5, Theorem 2. 2], we have known that, if
(v, @) € S1, then G °F... has at least a periodic point
on the mvariant interval [ — M, M| with period grater
than or equal to 2, and, if (v, @) € S,, then G °F. .

Vi, Vi]

are bounded invariant

has periodic point on the invariant interval [ —

with period not a power of 2 (where we include 1= 2’ as

a power of 2) .
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Fig 1 The regime S is divided
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Fig 2 Graph of (G ° F, 0()2

Theorem 1 If (v, @) € Si () So, then G °F.,.
has at least a periodic point on the intewal [0, v;] and
[— w, O] with period not a power of 2 ) where we
include 1=2" as a power of 2) .

Proof When (v, o) € SiN So, the equation G °
F..«(v) = vo has two solutions vo and v, in the interval
[0,v/] and v, << wvo. See Fig.2. The equation (G °
Fu,a)z(v) = vo has four solutions vo, vsand that the
other two we let va, v in the intewval [ 0, vi], and ve <<
V< vo vy. Obviously, G °F, «(ve) = G °Fy o Va)
= v,. Since( v, @) € So, then G *Fo . (M) < vy. We
can claim vy — vo << M — vy.

Ifvi —vo> M—vo,then va > M> vo > ve.
From the poperties of G ° Fv,« , we have G ° F, «( w)
< G °FooM) < G °F,uv), thatis vy << G °
Foo (M) < vo. fvo< G °Fyu( M) << vc, we obtain
G °Foo(v0) << G °Foa( M) < G °Fo.u( ve). If ve<l
G °Fo.o( M)<<vo, then G °Fo.«(v0) << G °Fu.«( M)
<G °Fuov.).

That is vo<< G ° F.. (M), and is contradiciory to
(v, a) €8o.

So we have va— vo << M— vo. This shows G °Fu«
has homoclinic point in the invariant set [0, vi] . Thus'®
G °F..hasa periodic point with period not a power of
2. So G °F, . has a periodic point on the interval [ 0, v;]
with peried naot a power of 2. The same to_the interval [ —

v, 0] .

Lemma 2’  Let J be a bounded closed interval
and let f:J — J be a contimuous mapping. If f has a
periodic point whose period is mot a power of 2. then
there exists a positive constant ¢ such that V;(f) =
O(exp(cn)) as n—> 2,

Lemma3 Let 2> 0.1f (v, @) € S; () So, then
for any sufficiently small & > 0,

Vio.o) (G °Fuo) = ciexp( can)
and
Viogo (G °Fio) = crexp(can), Yn=1,2, -
(12)
for some positive constants ¢; and ¢, .

Proof If (v, @) € S, S,, then G °Fi.. has a
periodic point on the interval [ 0, v, and [ —v,;, O] with
period not a power of 2. Theorem 1 shows that

Vio.o) (G °Fio) = Oexp(cn) as n —> o= ( 13)

Viee,a (G °Fu«) = Oexp(cn) as n—> oo 14)

for some positive constant c.

On the other hand,

increasing in [—

simce G ° Fua is strictly
Ve, ve] , we have, for any small €0,
there exists a positive integer K such that
G °Foo([—&,0]) 2[— w,0],
G °F5..([0,¢) 2[0, ve] (15)
Therefore (12) follows from (13) — (15).

Theorem 2  Consider the initial — boundary value
problem (1) with (v, @) € S1 ) So. Assume that wo
and w1 in (1) are sufficiently smooth such that #o and vo
in (4) are continuous and piecewise momotone and satisfy
the compatibility conditions vo(0) =— uo(0), ue(1) =
fo,a(vo(1)), and there is a small positive comstant €,
such that[ 0, €] CRange( uo) (| Range( vo) or [— &,
0] CRange(uo) ) Range(vy), then, for u and v in
(3). of Vioy (u( °, 7)) and
Vioyw (v( °, t)) are at least exponential as t — <,

Proof It follows fiom Lemma 2 and 3.

the growth rates

3 Numerical simulation results

We offer a few computer simulation results in this
section as snapshots of the vibrations of a solution pair
u(°,t) and v( °, t) of the (3) —(5).wo(x) =0.2sin
[( 2) 2], wi(x) =0.2sin (7x), x €[ 0,1] . Then by
(4), we have

0.2

uo(X) - pl( U) -+ pz( U) °

[Pz( v) %cos %x + sin (Tcx)] . x €10,1]

0.2 .
01( v) 4 O2( v)

vo( x) =
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[ O (v) %cos [%% — sin (ﬂx)] ,x €10, 1]
When the parameter pair( v, @) = (2,0.6) € SiN So,
and 0;(v) =22.4142, 0,(v) =20.4142. The snapshots
of u( °,¢t) and v( °, ¢t) at t = 50( 0, + 0,) 50X
2. 8284 are displayed in Fig. 3.

Fig 3 (", 1) and ( °, 1) at £ = 50X 2. 8284
Regarding the profiles of # and v, we see that they

are slowly oscillatory. There is no chaotic occurrence, but
the total variation of each of them still grows infinitely as ¢

—> OO,
When the parameter pair (v, o) = (2, 0.8) € )
(1 So, O1(v) =2.4142, P,(v) =20.4142.
The snapshots of u( °, t) and v( °, t) at t= 50( 01
+ 02) 250X 2.8284 are displayed in Fig 4.

Fig 4

u(°,t) and v( °, 1) at t = 50X 2. 8284

van der Pol

From the profiles of # and v, we see that they are
exiremely oscillatory at any interval in [ 0, 1].
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